We prove that fundamental groups of closed oriented surfaces Σg of genus g ≥ 2 are growth tight with respect to hyperbolic metrics and to the word metric relative to their canonical presentation: this means that the exponential growth rate of π1(Σg), with respect to these metrics, is always strictly greater than the corresponding growth rate of any of its proper quotients. As an application, we give a new, purely analytic proof of Hopficity of surface groups.
Introduction
In this paper we shall be concerned with a particular property of fundamental groups of hyperbolic surfaces which is known as growth tightness. This notion was first introduced by R. Grigorchuk and P. de la Harpe in [11] , relatively to word metrics of finitely generated groups; however, it also makes sense and has some interest, as we shall see, to investigate growth tightness of groups with respect to more general (or natural) distances.
Namely, let (Γ, d) be a discrete group endowed with a left-invariant distance. We shall be interested essentially in:
(a) geometric distances: that is, Γ is a group of isometries of a complete Riemannian manifold (X, h), acting freely and properly discontinuously; equivalently, Γ is the group of deck transformations of some normal Riemannian covering X → X 0 = Γ\X. The distance d = d h on Γ will then be defined by identifying the group with the orbit of some fixed point x ∈ X, and by taking the restriction to Γx of the Riemannnian distance of X; (b) algebraic distances: that is, Γ is a group endowed with a finitely generating set S, and d = d S is the word metric of Γ relative to S; notice that Γ is again isomorphic to the group of deck transformations of a normal covering of metric spaces X → X 0 , where X 0 is a bouquet of 2n-circles (one for each generator in S and for its inverse) and X is the Cayley graph C(Γ, S), with the metric structures which assign unit length to each circle and edge.
Moreover, we shall also consider quotients of algebraic and geometric distances: when N is a normal subgroup of (Γ, d), we can endow the quotient group Γ/N with the metric d/N given by the least distance between representatives. This again is a distance of type (a) or (b): it is either the word metric associated to the generating set S/N , or the geometric distance obtained letting Γ/N act on the smooth Riemannian manifold N \X.
The entropy of (Γ, d) is the exponential growth rate of Γ measured with respect to the metric d, that is:
where β (Γ,d) (R) = #B (Γ,d) (e, R) is the growth function of (Γ, d), given by the cardinality of balls of radius R centered at the identity e. It is well known that, in cases (a) and (b), entropy exists as a true limit (and it does not even depend on the choice of x); in these cases, it is often simply denoted by Ent(Γ, h) and by Ent(Γ, S), for a Riemannian metric h and a finite generating set S. The reason why this limit is called entropy is that, in the special case where Γ is the fundamental group of a Riemannian manifold X 0 , acting on its Riemannian universal covering X, then this number is the usual (volume) entropy of X 0 = Γ\X (cp. section §3); when, moreover, the Riemannian metric is nonpositively curved, it coincides with the topological entropy of the geodesic flow of X 0 (see [18] ). The couple (Γ, d) is said to be growth tight if Ent(Γ, d) > Ent(Γ/N, d/N ) for every nontrivial normal subgroup N ; when Γ is the fundamental group of a Riemannian manifold X 0 , acting on its Riemannian universal covering X, we shall simply say that X 0 is growth tight. This condition means that Γ is characterized among all of its quotients by a simple asymptotic invariant. For a Riemannian manifold X 0 , growth tightness of means that the universal covering of X 0 is uniquely characterized by the metric condition of being the normal Riemannian covering with greatest exponential growth rate. Notice that the metric structure d chosen for Γ (that is, the metric space on which the group Γ acts), plays a fundamental role in growth tightness, since entropy depends on the metric d, differently from simple "growth type" -polynomial, exponential etc. -which, being an invariant by quasi-isometries, is an intrinsic feature of the group (cp. [8] , [19] ).
One can easily produce groups and manifolds of exponential growth which are not growth tight: for instance, the direct product of two finitely generated groups never is growth tight with respect to the product metric, whatever is the growth of factors, since it is a simple exercice to show that
Similarly, the product of two manifolds is not growth tight with respect to any Riemannian structure, provided that one of the factors has subexponential growth (cp. Lemma 2.5 in [22] ). On the other hand, we showed in [23] that all nontrivial free products, different from the infinite dihedral group, as well as most almagamated products over finite groups, are growth tight with respect to any word metric (or quasi-algebraic distance). In [11] it was conjectured that every Gromov hyperbolic group without finite normal subgroups 1 is growth tight with respect to word metrics; a proof of this fact recently appeared in a preprint by G.N. Arzhantseva and I.G. Lysenok [1] .
In this paper we shall show (independently from [1] ) that fundamental groups of hyperbolic surfaces are growth tight with respect to their canonical generating set and to any hyperbolic metric. More precisely:
Let Σ g be a closed oriented surface of genus g ≥ 2, and let
Sg ) is growth tight with respect to the word metric relative to S g : namely, for every nontrivial normal subgroup N of π 1 (Σ g ) one has
where D 0 is the maximum between 2g and the length of the smallest nontrivial element of N .
Analogously, for a given nontrivial subgroup N of the fundamental group of a closed Riemannian manifold X 0 , let us define the N -systole 2 of X 0 as
where N * = N \ {e} and ℓ([n]) is the Riemannian length of the smallest closed geodesic freely homotopic to n. Then, one has Theorem 1.2 Let Σ g be a closed oriented hyperbolic surface, with π 1 (Σ g ) naturally acting by isometries on its Riemannian universal covering (H 2 , hyp). Then, Σ g is growth tight: namely, for every nontrivial normal subgroup N of π 1 (Σ g ) one has
where D 0 is the maximum between the diameter and the N -systole of Σ g .
The above estimates of the gap between the entropy π 1 (Σ g ) and that of π 1 (Σ g )/N are chosen so as to make clear the parameters which they depend on, and they are not optimal. Remark that the diameter of Σ g and its N -systole may vary independently, by changing the hyperbolic metric and the normal subgroup N . The techniques we use in the algebraic setting (section §2) and in the geometric one (section §3) are quite different, though pretty elementary. For the algebraic case, we shall exploit some well known properties of geodesics in small cancellation groups. In the geometric case, the proof essentially relies on GaussBonnet's formula. As an application, we shall present, in section §4, a new proof of Hopficity of surface groups, based on pure differential geometry arguments.
Algebraic growth tightness
i , and let π 1 (Σ g ) =< S g | r g > be the canonical presentation of the fundamental group of a closed oriented surface Σ g of genus g ≥ 2. It is known [11] that Ent(π 1 (Σ g ), S g ) = 4g − 1 − ǫ g , for a computable, quite small positive constant ǫ g . To investigate growth tightness of π 1 (Σ g ) with respect the canonical word metric, we need some geometric properties of geodesics of the Cayley graph of (π 1 (Σ g ), S g ). So, let us fix some notations about geodesics and word metrics. Let Γ be a group endowed with a finite generating set S, and let d S be the word metric of Γ: that is, d S (γ 1 , γ 2 ) is the length of the shortest word on S ∪ S −1 representing γ −1 1 γ 2 . For a word w on the alphabet S∪S −1 and an element γ ∈ Γ, we shall denote by ℓ(w) the length of w as a word, and by γ S = d S (e, γ) the norm of γ relative to S; moreover, with a common, little abuse of notation we shall also use w S to indicate the norm of the element represented by the word w. We say that a word w is geodesic if ℓ(w) = w S . More generally, a geodesic segment of (Γ, S) is a piecewise linear path of minimal length γ : [0, 1] → C(Γ, S) between points of Γ in the Cayley graph of (Γ, S): concretely, this is the same of the data of the initial point γ(0) of γ and of a geodesic word w. We shall assume γ parametrized with constant speed, and we let γ | [a,b] denote the smallest geodesic segment containing γ([a, b]). Usually, geodesics in groups are not unique: however, in some groups geodesics are "almost" unique in some directions of the Cayley graph. This is the signification of the definition below:
n -corridor in (Γ, S) is a geodesic segment α which satisfies the following property: if a geodesic γ joining P, Q ∈ Γ contains α, then all geodesics joining P to Q contain α| [
For instance, any word in the free group generated by S = {a, b} clearly defines a 1-corridor, while it is easy to check that free abelian groups do not possess 1 n -corridors, for any n. In order to show that surface groups possess corridors, we need some basic facts about small cancellation groups.
Geodesics in small cancellation groups (cp. [6] , [27] ). Let Γ be presented by a generating set S and a set of relators R. For every r ∈ R, let r * be the set of all cyclic permutation of r and of r −1 . Let r 1 , r 2 ∈ R (possibly with r 1 = r 2 ): a word u which is a common prefix of two distinct words in r * 1 and r * 2 is called a piece relative to the relators r 1 , r 2 . The presentation of a group Γ =< S | R > is said to satisfy the condition C ′ (λ) if every piece u relative to every couple of (possibly coinciding) relators (r 1 , r 2 ) has length ℓ(u) < λ · min{ℓ(r 1 ), ℓ(r 2 )}. A group which admits such a presentation is called a C ′ (λ)-cancellation group.
For instance, the fundamental group of closed oriented surfaces, with its canonical presentation
-cancellation group, since every piece relative to (r g , r g ) has length 1. One reason of interest of small cancellation groups is that geodesic triangles (in the corresponding Cayley graphs) can be described combinatorially by diagrams: a diagram D is a finite planar graph with oriented edges and a labelling of each edge by a reduced word on S ∪ S −1 ; each bounded connected component of
, then it is known that to each geodesic triangle (γ 1 , γ 2 , γ 3 ) of C(Γ, S) one can associate a diagram which has the following structure (or one of its possible degenerations):
where: (a) each tile in the picture represents a face f i of D; (b) the boundary label of D, red clockwise from P i to P i+1 , yields the word γ i ; (c) the boundary label of each face f i yields a word of r * i , for some r i ∈ R; (d) the common boundary of two different faces f i , f j is a piece relative to r i , r j .
Geodesics in surface groups. When g ≥ 2, the fundamental group of Σ g , with its canonical presentation, is a C ′ ( 1 6 )-cancellation group. Therefore, the above considerations imply that, if (γ 1 , γ 2 , γ 3 ) is a geodesic triangle in C(π 1 (Σ g ), S g ), then it can be represented by a diagram as above, where the number of edges of the common boundary of two faces is smaller than or equal to 1. This immediately gives the following criteria for geodesics and corridors in surface groups: Suppose that w is not geodesic: then, w contains a subword us where u is geodesic and us is not, for some s ∈ S g . Let v = us be a geodesic representation of us and let us look at the diagram relative to the geodesic triangle (u, s, v −1 ). By the above considerations, it has the following structure (or one of its possible degenerations):
As v = us, there exists at least a face f . We have seen that the common boundary of two different faces is a word of length smaller or equal to 1; moreover, since v is geodesic, the lower boundary label of each face f has length smaller or equal to 2g (otherwise v could be shortened). Therefore, the upper boundary label of each f has length greater or equal to 4g − 2g − 2, that is u contains a subword of r * g of length 2g − 2, which is a contradiction.
Proof of Lemma 2.3.
It is clearly enough to prove the lemma for positive k, since w is a corridor if and only if w −1 is a corridor. So, first notice that w is geodesic, by Lemma 2.2, since neither a
appear as subwords of r * g . Now, let γ be a geodesic segment from P to Q containing w, and let γ ′ be another geodesic from P to Q. We have to show that γ ′ passes through the geodesic subsegment b k i+1
of γ. Consider the degenerate diagram corresponding to the biangle (γ, γ ′−1 ):
Let f be a nondegenerate face having on its upper boundary label one of the b i+1 's of w, and let u, u ′ be respectively the upper and the lower boundary label of f . As γ and γ ′ are geodesic, the length of u, u ′ are smaller or equal to 2g:
− 2 and then w should contain a subword of r * g of length greater or equal to 2g − 2, which is a contradiction. Therefore, every face f having one of the b i+1 's of w on its upper boundary label must be degenerate, i.e. γ ′ coincides with γ over the subword b k i+1 of w.
Let us come to the proof of Theorem 1.1. We shall need the following simple fact about entropy of free products. Let (Γ, d) be a finitely generated group of exponential growth endowed with a word metric, and let (Z 2 , D) be the finite group of order 2, endowed with the distance obtained by assigning to its generator 1 the length D > 0. Consider the free product Γ * Z 2 , endowed with the "product" norm, that is for γ = γ 1 1 · · · 1γ m+1 ∈ Γ * Z 2 (with possibly γ 1 = e or γ m+1 = e) let
This norm is not a word metric; however, the entropy of the discrete metric space (Γ * Z 2 , d * D) is well-defined (since balls of finite radius are finite sets) and it has been computed in [23] (Proposition 2.3) that:
Proof of Theorem 1.1.
Sg ), endowed with the quotient metric, and let η be the shortest norm of all nontrivial elements of N . We shall show that, for D = 7D 0 +2, there exists a contracting immersion
that is, an injective, Lipschitz map Φ of Lipschitz constant 1. Then, R-balls of (π 1 (Σ g ), d Sg ) will clearly contain more elements than the corresponding balls of
Let us see how to define the map Φ. We shall use the following notation: for a reduced word w on S g ∪ S −1 g , we let f (w), l(w) ∈ {1, .., g} be the indices of the first and of the last letter (a and a j , we obtain a geodesic word of the form n 0 = a −1 i na j , with the property that any word w containing n 0 represents an elementγ ∈ π 1 (Σ g ) which has not minimal norm in its classγN . Then, we define Φ as follows: given γ 1 1 · · · 1γ m+1 ∈ Γ * Z 2 (with possibly γ 1 = e or γ m+1 = e), pick for each γ i a representativeγ i ∈ π 1 (Σ g ) of minimal norm in its class (that is, γ i Sg = γ i Sg/N ) and a geodesic word w i representingγ i , and let Φ(γ 1 1γ 2 · · · γ m+1 ) be the element of π 1 (Σ g ) represented by the word
where the ǫ ± (w i ) are the corridors:
It remains to show that Φ is injective. Assume that 
Geometric growth tightness
In order to investigate growth tightness with respect to geometric distances, it is useful to reformulate the problem in terms of volume. So, let X → X 0 = Γ\X be a Riemannian covering with group of deck transformations Γ, and let x ∈ X be fixed, so that we can identify the group Γ with its orbit Γx. Let d denote the Riemannian distance on X, as well as the geometric distance induced on Γ ∼ = Γx, and let B(x, R) be the closed Riemannian ball of radius R centred at x. It is classical that the entropy of (Γ, d) coincides with the exponential growth rate of the function given by the volume of balls in X: in fact, the limit
does not depend on the particular positive measure µ chosen to compute the volume of B(x, R), provided that µ is Γ-invariant (see, for instance, [21] ). Thus, by taking µ equal to the sum of Dirac measures at points of the orbit Γx 0 , we obtain the entropy of (Γ, d) as defined in the introduction, while by taking the Riemannnian measure dv of X we get the usual volume entropy of X 0 , that is
Therefore, we shall use Gauss-Bonnet theorem to prove that the function given by the area of Riemannian balls in any non simply connected, normal Riemannian covering of a hyperbolic surface Σ g has an exponential growth rate which is always strictly smaller than the exponential growth rate of the area of balls in its universal covering H 2 . Recall that the area of balls in the hyperbolic plane H 2 (whose metric can be written in polar coordinates as hyp = sinh 2 (r)dθ 2 + dr 2 ) is given by
We shall need the following estimates. Finally, letΓx 0 be any maximal D-separated subset 3 of Γx 0 , and letβ(R) be the cardinality ofΓx 0 ∩ B(x 0 , R). One then has: (ii). We have a multiplication map Γx 0 × Γx 0 · → Γx 0 induced by the multiplication of Γ, that is (γ 1 x 0 ) · (γ 2 x 0 ) = (γ 1 γ 2 )x 0 . Now, let x = γx 0 be any point of the orbit in Γx 0 at distance R = R 1 + R 2 from x 0 . Let α be a minimizing geodesic from x 0 to x, and let y be a point on α at distance R 1 from x 0 . As diam(Σ g ) ≤ D, there exists some point x 1 = γ 1 x 0 ∈ Γx 0 such that d(x 1 , y) ≤ D; finally, let γ 2 = γ −1 1 γ and x 2 = γ 2 x 0 ∈ Γx 0 . Then, one clearly has
} be the open Dirichlet domain, centered at x, relative to the action of Γ on X. As diam(Σ g ) ≤ D, one has x∈Γx0∩B(x0,R)
Now, as open Dirichlet domains centered at distinct points of the orbit are disjoint, and since Area(Ω(x)) = Area(Σ g ), we deduce that
as the volume of B(x 0 , R + D) is not greater than the area of a ball of same radius in the hyperbolic plane.
(v). Let g(X), b 1 (X) and c(X) respectively denote the genus of a surface X, its first Betti number and the number of connected components of its boundary, and recall that, for a compact topological surface X with boundary, we have the formula b 1 (X) = 2g(X) + c(X) − 1 (2) Now, let R be a value such that B(x 0 , R) is a regular topological surface with boundary (that is, ∂B(x 0 , R) is a disjoint union of topological circles). Let I =Γx 0 ∩B(x 0 , R− D-separated) . Therefore, if we let B(x 0 , R)
2 ), we deduce that
as all the B(x, 
this, by (i), yields (v).
As we shall deal, in the proof of Theorem 1.2, with the volume and length functions of Riemannnian balls and geodesic spheres, we shall recall for the convenience of the reader the essential regularity properties of these functions on a general, complete Riemannian surface X (see [9] and [12] , for the results quoted below when X is homeomorphic to a plane, and [24] - [25] in the general case). So, let ρ x0 be the distance function from a point x 0 ∈ X, let again B(x 0 , R) and S(x 0 , R) = ∂B(x 0 , R) be the closed Riemannian ball and the geodesic sphere of radius R centred at x 0 , and let a(R), ℓ(R) respectively denote the area of B(x 0 , R) and the length (1-dimensional Hausdorff measure) of S(x 0 , R). The function ρ x0 is Lipschitz on X, smooth on X \ Cut(x 0 ), and Cut(x 0 ) is a closed subset of zero measure. As ∇ρ x0 = 1 on X \ Cut(x 0 ), the regular part S(x 0 , R) reg = S(x 0 , R) \ Cut(x 0 ) of a geodesic sphere always is a disjoint union of smooth curves, while S(R) may have singularities (and this may happen for every R ≫ 0). However, the structure of singularities of S(R) is very simple for R belonging to an open subset U ⊂ R + of full measure: the complement E = R + \ U of this subset is called the set of exceptional values. Namely, one knows that:
(a) for every R ∈ U the geodesic sphere S(x 0 , R) is a piecewise smooth curve with singular vertices (P i ) i∈I , and the number of singular vertices is constant on each subinterval of U ; (b) the function ℓ(R) is C 1 on U , and
where κ is the geodesic curvature of S(x 0 , R) and ǫ i are the (oriented) exterior angles of the polygon B(x 0 , R) at the vertices P i . By elementary considerations, one clearly has −π < ǫ i < 0; (c) the function ℓ(R) may be non-continuous at the exceptional values E, but one has ℓ = ℓ reg + ℓ step , where ℓ reg is an absolutely continuous function and ℓ step is a step function (i.e. ℓ ′ step = 0 almost everywhere) with only negative jumps: that is, lim R→R + ℓ step (R) ≤ lim R→R − ℓ step (R) for all R. Therefore, it always holds
(d) finally, one has that a(R) = R 0 ℓ(R); thus, a(R) is absolutely continuous and a ′ (R) = ℓ(R) almost everywhere.
Let us now come to the proof of Theorem 1.2.
Proof of Theorem 1.2. We saw that Ent(π 1 (Σ g ), d hyp ) = 1. Let X → Σ g = Γ\X be the Riemannian covering associated with the normal subgroup N , with group of deck transfor-
(by Gauss-Bonnet's formula and by (1)). Therefore, we can assume that the group Γ is infinite. Now choose a closed geodesic α of Σ g realizing the N -systole, and let x 0 ∈ X be some point on the lift of α to X; then, as syst
) of X is a noncontractible, regular topological surface with boundary. Finally, set ǫ = 2g−2
(1−cosh 6D) 2 , let ℓ(R) be the length of S(x 0 , R), and let a(R), β(R), χ(R) as in Lemma 3.1. As the Gaussian curvature of X is everywhere equal to −1, Gauss-Bonnet's formula yields, for every non-exceptional R:
where κ is the geodesic curvature of S(x 0 , R) and the ǫ i 's are the exterior angles of B(x 0 , R) at the singular vertices P i . By virtue of (b) and (d) we get:
for almost every R since 2 tan ǫ 2 < ǫ for negative ǫ. By Lemma 3.1 (iv), (v) and (ii) it follows that
for almost every R ≫ D.
As β(R)
R→∞ −→ ∞, by Lemma 3.1 (iii) we deduce that there exists R 0 such that, for almost every R ≥ R 0 :
Now, let a + be the solution of the differential equation a
1−ǫR for suitable constants c 1 , c 2 . Then we have
As the singular part of a ′ a + has only negative jumps, this inequality can be integrated and yields
for almost every R ≥ R 0 .
By integration over [R 0 , R] this in turns implies that R −1 log a(R) ≤ R −1 log a + (R), which shows that Ent(
, we obtain the announced inequality.
Hopficity of surface groups
A group Γ is called Hopfian if it is not isomorphic to a proper quotient of itself: equivalently, if every surjective homomorphism Γ → Γ is injective. For instance, every finitely generated abelian group is Hopfian (being isomorphic to the direct sum of finite groups with a free abelian group) as well as every nonabelian free group (this essentially stems from the free subgroup theorem, cp. [16] ). However, there exist finitely generated, nonabelian groups which are not Hopfian, the most elementary example being Baumslag-Solitar group
The fact that fundamental groups of closed surfaces Σ g are Hopfian is wellknown: for g = 0, 1 this is trivial by the above considerations, while for g ≥ 2 this is equivalent to the relevant topological property that every continuous map f : Σ g → Σ g of non-zero degree is a homotopy equivalence 4 . This property was originally proved by H. Hopf by the general theory of surface transformations (see [14] , or [7] for a combinatorial proof based on reduction to ramified coverings). Purely algebraic proofs of this property were given only thirty years later [10] , [3] . There exists, as well, an indirect argument [20] , exploiting algebraic geometry, to infer that any surface group is residually finite 5 (as it can be identified with a finitely generated subgroup of a linear group): this property, in turns, implies Hopficity by standard arguments (cp. [17] ). We propose here a differential-geometric proof based on growth tightness. 4 To see that this topological property is equivalent to Hopficity of π 1 (Σg), recall that a map Σg → Σg is a homotopy equivalence if and only if the homomorphism ϕ induced by f between fundamental groups is an isomorphism (Σg being a K(π, 1) space). Now, to see that the above topological property implies Hopficity of π 1 (Σg ), simply notice that every surjective endomorphism ϕ of π 1 (Σg) is induced by some map f : Σg → Σg of non-zero degree (cp. the first lines of the proof of Theorem 4.2); then, as f must be a homotopy equivalence, ϕ is an isomorphism. Conversely, if f : Σg → Σg is any map of non-zero degree, then f necessarily has degree one (this can be checked, for instance, by using sup-multiplicativity of simplicial volume with respect to the degree of maps), therefore it induces a surjective endomorphism ϕ of π 1 (Σg); thus, by Hopficity of π 1 (Σg ), ϕ must be an isomorphism and f a homotopy equivalence.
5 Notice that the amalgamated product of groups, even residually finite, over Z, is generally neither Hopfian nor residually finite, cp. [13] . Thus, Hopficity of surface groups is a pretty delicate question.
It has been remarked, by P. De la Harpe and R. Grigorchuk [11] , that if a group Γ, endowed with a finite generating set S 0 , is growth tight with respect to the word metric d S0 and, moreover, the generating set S 0 realizes the minimal growth of Γ (that is: Ent(Γ, S) ≥ Ent(Γ, S 0 ) for all finite generating sets S), then Γ is Hopfian: indeed, if ϕ : Γ/N ∼ → Γ was an isomorphism with a proper quotient, then ϕ(S 0 /N ) would be a generating set of Γ which, by growth tightness, would yield an entropy for Γ strictly smaller than Ent(Γ, S 0 ). Unfortunately, it is still unknown whether the canonical generating set S g of π 1 (Σ g ) realizes the minimal growth of this group. However, one knows [15] that hyperbolic metrics realize the minimal growth of π 1 (Σ g ) among all metrics of Σ g with unitary volume; this idea can be used, together with growth tightness, to give an "analogous" analytic proof of Hopficity of π 1 (Σ g ). The argument we actually use is that, for any discrete cocompact group of isometries Γ of H 2 , the volume of the Γ-equivariant immersion Moreover, if Γ, G are groups acting by isometries on X and X , and the map Φ is equivariant with respect to some homomorphism ϕ : Γ → G (that is: Φ(γ · x) = ϕ(γ) · Φ(x)), then the volume of the ϕ-equivariant map Φ (denoted Vol(Γ\X, Φ)) is the volume of Γ\X with respect to the measure induced by dv 0 on the quotient (provided that it exists and it is finite).
We also need to recall the following elementary characterization of entropy (see, for instance, [21] ): for a subgroup Γ of isometries of a complete Riemannian manifold (X, h), acting freely and properly discontinuously with compact quotient Γ\X, the entropy of Γ (relative to the geometric distance induced by h) is
where x 0 is any point of X, and d and dv are respectively the Riemannian distance and the Riemannian volume element of X (this integral is simply the continuous analogous of the Poincaré series of Γ).
So: 6 The pullback h 0 of the Hilbert metric of X is not a Riemannian metric when Φ is not an immersion, but only a symmetric, positive semi-definite 2-tensor on X for which a "volume element" dv 0 can be of course defined (even if the density of dv 0 with respect to the Riemannian measure of X may vanish somewhere). In what follows, H 2 will denote the Poincaré disk, with geometric boundary ∂H 2 = S 1 ; in this model of the hyperbolic plane, the Busemann function associated with the geodesic with origin in O and direction θ ∈ S 1 is given by
and the Poisson kernel 7 of H 2 is P (x, θ) = e −B θ (x) . Moreover, the symbol S ∞ will denote the unitary sphere inside the Hilbert space L 2 (S 1 ) of square integrable functions on S 1 . The group of the isometries of H 2 naturally acts on S 1 : it is straightforward to compute that the Jacobian of g ∈ Isom + (H 2 ) acting on S 1 is given by
Then, one deduces an isometric action of Isom
(4) (this action by isometries will be central in the proof below).
Proof of Theorem 4.2. Let ϕ : π 1 (Σ g ) → π 1 (Σ g ) be a surjective homomorphism, and let N = ker(ϕ), Γ = π 1 (Σ g )/N . We shall show that ω = Ent(Γ, d hyp /N ) ≥ 1 = Ent(π 1 (Σ g ), d hyp ), which contradicts Theorem 1.2, unless N = (1). So, first, let f : Σ g → Σ g be any map which induces ϕ. Notice that, as ϕ is surjective, the endomorphism of H 1 (Σ g , R) induced by f is an isomorphism, and therefore deg(f ) = 0: in fact, one can write the fundamental cohomology class of Σ g as the cup product of two suitable 1-cocycles α i , hence we have
for some β i ∈ H 1 (Σ g , R) and some k = 0; thus deg(f ) = 1/k = 0. Now, if H 2 and X are respectively the Riemannian universal covering and the Riemannian covering of Σ g associated to N , the map f naturally lifts to a map f : X → H 2 which is ϕ-equivariant. We shall consider the map Φ 0 : X → S ∞ obtained by composition off with the Poisson kernel of H 2 :
Φ 0 (x) = P (f (x), θ) = e Notice that this is a ϕ-equivariant map, by the definition (4) of the action of Isom + (H 2 ) on S ∞ . The remarkable feature of this map is that Lemma 4.3 Vol(Σ g , Φ 0 ) ≤ Vol(Σ g , Φ) for all ϕ-equivariant maps Φ :
which gives Tr(g ǫ ) ≤ (ω + ǫ) 2 /4, since grad x ρ y = 1. This implies that det(g ǫ ) ≤ Tr(g ǫ )/2 ≤ (ω + ǫ) 2 /8, and we deduce that
Vol(Σ g ) (6) which, by Lemma 4.3, together with (5) yields ω + ǫ ≥ 1. As ǫ is arbitrary, this ends the proof.
We conclude by shortly resuming the proof of Lemma 4.3, which relies on the method of calibration (complete computations may be found in [4] ). Recall that the comass of a differential n-form α on a Hilbert manifold X is com(α) = sup {ei} |α(e 1 , ..., e n )| where {e i } runs among all orthomormal sets at any point of X . Then, by definition, if Φ : X → X is a smooth map from a n-dimensional Riemannian manifold into a Hilbert manifold, one has
; one says that Φ is calibrated by α if the above inequality is an equality for all x ∈ X and for all v 1 , ..., v n ∈ T x X.
Proof of Lemma 4.3. In [4] the authors consider the immersionΦ 0 : H 2 → S ∞ given byΦ 0 (x) = P (x, θ); then, they check that, for φ ∈ S ∞ and f 1 , f 2 ∈ T φ S ∞ (that is, when S 1 f i (θ)φ(θ)dθ = 0), the formula α φ (f 1 , f 2 ) =
defines a closed 2-form α on S ∞ , which calibratesΦ 0 and which is invariant by the action of orientation preserving isometries of H 2 . Clearly, this implies that α also calibrates our map Φ 0 =Φ 0 •f . Remark that, as Φ 0 and Φ ǫ are ϕ-equivariant and π 1 (Σ g ) acts by positive isometries, the pullbacks Φ * 0 α and Φ * ǫ α are Γ-invariant forms on X, thus they descend to Σ g . Now, by definition of comass, one has
since α calibrates Φ 0 and by Stokes' theorem, as Φ ǫ and Φ 0 are homotopic as ϕ-equivariant maps into S ∞ (via the homotopy Φ ǫ,t = (1 − t)Φ 2 ǫ + tΦ 2 0 , which is also ϕ-equivariant).
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